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Compressibility Effects in Thin Channels with Injection

G. Balakrishnan,* A. Linan,t and F. A. Williams}
University of California, San Diego, La Jolla, California 92093

A theoretical analysis of the inviscid flow between a porous plate and a parallel impermeable plate is
performed for small values of the ratio of the plate separation distance to the lateral extent of the plates, for both
planar and axisymmetric geometries. The problem of computing the flowfield is reduced to the solution of a
single integral equation, which is accomplished numerically. The ratio of specific heats 7 is a parameter of the
solution, and parametric results are presented from 7 = 1.0 to 1.67. The flow exhibits choking at a critical value
of the lateral extent of the plate, in the vicinity of which the Mach number approaches unity. The results are
needed in providing external boundary-layer conditions for studying the flame structure in the viscous region
between two counterflowing streams when compressibility is important.

Introduction

S UPERSONIC combustion in turbulent mixing layers lo-
cally can involve counterflowing streams in which com-

pressibility is important, with the viscous and chemical effects
restricted to a narrow layer at the stagnation plane. The outer
portions of such counterflows are inviscid and do not experi-
ence exothermicity. As a first step toward analyzing the
exothermic viscous layer, descriptions are needed of the invis-
cid counter flow. The present paper provides a solution for a
model of the inviscid outer region. The model addresses the
flow between a porous plate and a parallel impermeable plate
for small values of the ratio of the separation distance between
the plates to the lateral extent of the plates. Two such flows
can describe the inviscid counter flow, with the viscous layer
located at the impermeable plate between them. In addition,
laboratory experiments can be designed, involving opposed
flow between two porous plates, for studying diffusion-flame
combustion under conditions in which compressibility is im-
portant. The present analysis provides the external-flow con-
ditions required for the viscous-layer study.

Theoretical analyses of flows between porous plates at high
Reynolds numbers began with Proudman's study1 of an in-
compressible, nonreacting fluid in a two-dimensional channel
with porous walls through which the fluid is injected uni-
formly. Extensions of this work addressed both heat transfer2

and combustion3 in the same type of configuration. The last of
these studies was directed toward facilitating quantitative in-
terpretation of results of experimental measurements on coun-
ter flow diffusion flames.4"6 Similar experimental configura-
tions have been employed in much earlier work on linear
pyrolysis of vaporizable or decomposable materials, in which
steady regression rates were measured when the material was
pressed against a heated, impermeable flat plate.7 The poten-
tial importance of compressibility in such experiments has
been pointed out by Cantrell,8 who had earlier9 completed an
analysis of such flows including compressibility effects but not
considering the simplifications that arise in the limit of large
Reynolds numbers, addressed herein.
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Formulation of the Problem
A coordinate system is selected, as shown in Fig. 1, in which

the impermeable plate is located at y = 0 and the porous plate
at y = h. The lateral coordinate x runs from x = 0 at the
stagnation streamline to x - a at the edge of the plates. Veloc-
ities in the x and y directions are denoted by u and v, respec-
tively. The injection velocity through the porous plate V(x)
will be of order of magnitude VP, so that - v is of order VP
and u of order VPa/h. Since h/a is a small parameter, I v/u I
is small, except near x = 0 where u is proportional to x. For
small h/a injection Mach numbers must be small, so that
compressibility is unimportant near x = 0 but can become
significant for x of order a, thereby modifying the viscous
layer and flame structure in this region. The Reynolds number
Re = Vph/v (where v is the kinematic viscosity) is taken to be
large, so that a boundary layer is present on the impermeable
plate, but any boundary layer will have been blown off the
porous plate. The boundary layer will not be considered here.

Order-of-magnitude estimates show that the transverse
pressure differences are of order pVP, where p denotes den-
sity, and are small compared with longitudinal pressure differ-
ences, which are of order p(VPa/h)2. Therefore, the conserva-
tion equations may be taken to be

d(puxk) d(pvxk) _—-—— -f —-—— _ u
dx dy (l)

POROUS PLATE

h/a « 1.0 N. ^ — Coiislanl

IMPERMEABLE PLATE

Fig. 1 Schematic representation of the compressible counterflow at
high Reynolds numbers.
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du dupu — + pv — = - —dx dy dx (2)

where / denotes temperature, cp the specific heat at constant
pressure (assumed constant), and k is zero for planar flows
and unity for axisymmetric flows. The simplifications seen in
Eqs. (3) and (4) arise from the order-of-magnitude estimates
indicated earlier. An ideal gas is considered, so that the pres-
sure is

p = cppt (5)

where 7 is the ratio of specific heats. An alternative to Eq. (2),
derivable from Eqs. (1-5), is

dS 8S
(6)

where S = t / p ( y ~ 1)//y is a function related to the entropy,
which is seen from Eq. (6) to remain constant along stream-
lines. The boundary conditions for Eqs. (1-4) are

w = 0 , v = - V(x), t = T(x)

v =0 = o,

w = 0 , p =p0 at * = 0, 0 < j> <h

= h, 0<x<a (la)

(7b)

(7c)

where T(x) is the temperature of the porous plate andp0 is the
maximum injection pressure at the exit of the porous plate.

The problem defined here is quasiparabolic in that from the
equations and boundary conditions the evolution with x of the
pressure/?(jt) and the temperature and velocity profiles t(x,y),
u(x,y)9 and v(x,y) can be determined. No downstream
boundary condition in x need be imposed. However, a chok-
ing condition at which dp/dx becomes infinite is found to
occur at a finite value of x9 termed xc. If a<xC9 then p(a)
must coincide with the ambient pressure pa9 which thereby
determines p0 if V(x) and T(x) are specified independent of
p(x). If a is not <xC9 then it must coincide with xC9 and V(x)
is modified by the choking to achieve this equality. The flow
through the porous plate, subject to a given reservoir pressure,
must be analyzed to determine the modified V(x). Even for
a <xC9 the flow through the porous plate may depend on/?(*),
as considered in a follow-on study that addresses solid-propel-
lant rocket flow,10 but if the reservoir pressure is sufficiently
high and the porosity sufficiently low, this dependence be-
comes negligible. In the present study, V(x) and T(x) are
considered to be given, and the porous plate is not analyzed.

Derivation of the Integral Equation
The independent variables are first transformed from (x,y)

to (x9\l/)9 where the stream function ^ is defined by

Ik = - pvxk (8)

which serves to satisfy Eq. (1). Equations (4) and (6) then
imply that

(9)

(10)

where, like S, the stagnation temperature T0(\l/) is constant
along streamlines. There is a one-to-one relationship between

\l/ and the distance £ along the porous plate, which is found
from Eq. (5), and the second relationship in Eq. (8) to be given
by

[x*V(x)p(x)/T(x)]dx (11)

It then becomes convenient to transform from (x,\l/) to (*,£) as
independent variables. Since Eq. (7a) implies that in Eq. (9)
T0(t) = T(£), Eqs. (9) and (10) take the forms

(12)

(13)

respectively. Equations (12) and (13) serve to determine t(x£)
and w(*,£) in terms of T(%) and /?(£).

Given x and f , the coordinate y can be determined by
integrating the first relationship in Eq. (8) to obtain

y = o puxK

where Eqs. (5) and (11) have been employed in deriving the
last equality. Use of Eqs. (12) and (13) in the last integral gives

(15)

^n

Since £ = x at y = h , evaluation of Eq. (15) at y = h provides
the integral equation

After Eq. (16) is solved for p(x), Eq. (15) can be used to
calculate y(x£\ after which the temperature and velocity
profiles are given by Eqs. (13) and (12), in that order.

Nondimensionalization of the Integral Equation
and of the Solution

A nondimensional strained coordinate X may be introduced
to account for the variations of V(x) and T(x). The new
coordinate X is defined by

K(0)
- l)/y]cpT(0) Jo Vr(jc')/r(0)

dx' (17)

Introduction of Eq. (17) into Eq. (16) transforms the integral
equation into

o \XJ IP(X)]

x l dZ (18)

where H is defined by Eq. (17) with x replaced byf, and
P(X)=p(x)/p0. Solving Eq. (18) subject to P(0) = 1 will
determine the pressure distribution as a function of X. Equa-
tion (17) must then be employed to obtain this distribution as
a function of x.

The transverse coordinate y will be given as a function of X
and H by the transformed form of Eq. (15), namely,

(V'\ 1/7

x 1- dS' (19)
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which is integrable directly, prior to determining x(X), only
for the planar problem k = 0. Equation (19), together with
Eqs. (12) and (13), will yield the temperature and velocity
profiles after Eq. (18) has been solved to provide P(X). It is
convenient to express the velocity profiles in terms of the
Mach number M = «/V(7 - l)cpt. The variation of Mmay be
shown according to Eq. (12) to be determined by

(20)

so that Eq. (13) enables M to be calculated from

M =
•>ff\ (T - 1)/T

- 1 (21)

The procedure will employ Eq. (21) to determine M as a
function of x for various values of £ after Eq. (18) is solved for
P(x).

Solution Near the Stagnation Streamline
For small values of X, P(X) is of the form

P(X) = \-aX2+ • • • (22)

Substitution of Eq. (22) into Eq. (18) yields the relationship

E.t'dyr(-iw.ni-1 >vv |_\ T / J
I

- '/2

dH

ZkdZ
/(7-l)« Jo V l - Z 2

where Z = S/X. Equation (23) shows that

a = (7T/2)2, k = 0

= 1, ' k = 1

Equation (19) then yields

(y/h) = (2/7T) sin

(23)

(24)

= 1 - Vl - (E k = 1 (25)

in which Eq. (17) was employed in deriving the expression for
k = 1. By use of Eqs. (22) and (24), the temperature and
velocity distributions are found from Eqs. (12) and ( 13) to be
given by

t(X, E) - 7XE)[1 - (7T/2)2'1 - k\X2 - E2)(7 - l)/7l (26)

u (X, E) = V2[(7 - l)/7]cpr(E)(7r/2)1 - *V*2 - E2 (27)

Employment of Eqs. (17) and (25) in the last relationship gives

u(x,y) - (7r/2)F(0)(jc//z) cos[(v/2)(y/h)], k = 0

= F(0)(jc//z)[l - (y/h)}, k = 1 (28)

which coincides with the incompressible solution to the prob-
lem.

Equations (22) and (24) are useful for beginning the numer-
ical integration of Eq. (18).

Numerical Integration of the Integral Equation
Since dP/dX-^oo as X-»XC, improved accuracy in numeri-

cal integration is achieved by using P instead of E as the
independent variable in Eq. (18), thereby making it easier to

deal with singularities in the integrand. Equation (18), there-
fore, is written as

(29)

which is expressed as

'• /(P')dP'
P

/,-

P « - I

/(P')dP' (30)

where the step size AP = Pg - Pg+ i is taken to be 10 ~3 , and

f? = [(7

x [1 - i

according to Eq. (29). Equations (30) show that most of the
integral is evaluated by the trapezoidal rule, which results in
/2 = A2/Xk, where at each step n the coefficient A2 is known
from the previous n —I steps. Calculations also were made
using Simpson's one-third rule, which enables AP to be in-
creased to 10 ~2 , and the same results were then obtained with
a substantial saving in computer time. The starting and ending
steps, /i and 73, have been split off for separate treatment.

Substitution of Eq. (22) into Eq. (18) and integration, under
the approximation that aS1 < 1, readily gives, for the I{ of
Eqs. (30), the result that /i = A{/Xk

9 where

>li = [b

X(AP/a)(A:+1)/2/(A: + 1)

which is known from Eqs. (24). To evaluate the /3 of Eqs. (30),
it may be observed that, near P — Pn, the first two factors in
the integrand in Eq: (29) are nearly unity and the third is
approximately

so that

(31)

which is of the form A4Xn - A3, where A3 and A4 are known.
Therefore, the first expression in Eq. (30) can be written as

A4X*+l - (1 + A3)Xk + (Ai + A2) = 0 (32)

from which Xn is readily calculated (by solving a quadratic
equation if k = 1). Although the linear approximation for the
derivative, giving the last equality in Eq. (31), becomes inaccu-
rate as X—XC9 the procedure yielded sufficiently accurate
results with the selected step size AP.

After Xn(Pn) was calculated as just described, streamlines
were obtained, for the case in which V(x) and T(x) are con-
stant (so that £'/* = S'/X) by evaluating the integral in Eq.
(19) numerically. It may be recalled that a streamline corre-
sponds to a constant value of £, so that the integral in Eq. (19)
to a fixed upper limit for various values of X gives y(x) along
the streamline.
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Results of the Numerical Integrations
It may be noted that as 7-*! Eq. (18) reduces to

dH
o \XJ P(X) (33)

which can be solved in the same general manner previously
described for Eq. (18). It is for this reason that the factor
(7 - l)/7 was included before cp in Eq. (17). In this limit, Eq.
(32) becomes

M = V2MP(E)/P(AT)] (34)

The integration may thus readily be performed for 7 = 1 as
well as for other values of 7.

Figures 2 and 3 show P(X) for the axisymmetric and planar
flows, respectively. It is seen that all of the curves are qualita-
tively similar and that choking occurs at X = XC, where P
approaches its limiting value Pc with an infinite slope. As 7
increases, the value of Xc increases mildly, whereas Pc de-
creases. Also, Xc is larger and Pc smaller for axisymmetric
flows than for planar flows, reflecting the greater relief pro-
vided by the increasing area in the axisymmetric geometry. For
purposes of comparison, the incompressible solutions from
Eqs. (22) and (24) are shown as dashed curves. The incom-
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X
Fig. 2 Variation of pressure ratio with nondimensional distance for
the axisymmetric flow configuration and different values of the ratio
of specific heats 7 (dashed curve for incompressible flow).
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Fig. 3 Variation of pressure ratio with nondimensional distance for
the planar flow configuration and different values of the ratio of
specific heats 7 (dashed curve for incompressible flow).

pressible solutions do not exhibit choking. Their initial depar-
tures from the compressible solutions have higher pressures at
a given value of X for both planar and axisymmetric flows,
but Fig. 2 shows that this deviation is exceedingly small for
axisymmetric flows and is soon reversed [through the geomet-
rical relief factor (E/X) in Eq. (18)], so that the incompress-
ible solution fortuitously provides a good approximation for
the pressure profile all the way to choking, contrary to the
two-dimensional behavior seen in Fig. 3.

Figures 4 and 5 exhibit representative streamlines for the
axisymmetric and planar flows, respectively, each for a differ-
ent value of 7. The influence of 7 on these streamlines is not
too large and is illustrated by a few chain lines drawn in the
figures. The expected counterflow field is observed here, ex-
cept near the choking point, where streamline divergence be-
gins to occur, first at the smaller values of y/h. The diver-
gence is a compressibility effect that leads to a small region of
locally supersonic flow, as may be inferred from the curves
along which M = 1, drawn on these figures. For comparison,
a few incompressible-flow streamlines, calculated from Eqs.
(25), are drawn as dashed curves in Figs. 4 and 5; these show
noticeable departures from the compressible streamlines be-
ginning at about M = 0.25.

y
h
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0.2 0.80.4 0.6

X
Fig. 4 Streamlines for the axisymmetric configuration and 7 = 1.2
(solid curves) and lines of constant Mach number for this same case
(shaded area supersonic); two dashed curves show streamlines for
incompressible flow.
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Fig. 5 Streamlines for the planar configuration and 7 = 1.4 (solid
lines) and lines of constant Mach number for this same case (shaded
area supersonic); dashed curve shows a streamline for incompressible
flow.
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M 0.8 -

Fig. 6 Variation of Mach number along the streamlines for the
axisymmetric flow configuration and y = 1.2.
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Fig. 7 Variation of Mach number along the streamlines for the pla-
nar flow configuration and y = 1.4.

Figures 6 and 7 show representative variations of the Mach
number M with X, along selected streamlines, for the axisym-
metric and planar flows, respectively. Whereas M increases
above unity before choking for streamlines originating near
the centerline, it remains below unity for streamlines originat-
ing farther toward the edge. The choking condition thus ap-
pears to correspond to an average Mach number of about
unity. Figure 8 shows representative velocity profiles at vari-
ous values of X as well as a temperature profile at an extreme
case X = Xc. The temperature variations are not very large
anywhere in the flow. The velocity profile shown at X - 0.1
has the cosine form of the incompressible solution given in
Eqs. (28), but as choking is approached, it is seen from Fig. 8
that the velocity profiles become much fuller, with steeper
gradients at the wall, so that an approximation of incompress-
ible flow would underestimate the skin friction.

Pressure-Field Behavior Near Choking
Curve fitting of the numerical results indicated that near

X = Xc the variation of the pressure could be described by

= PC + I (35)

where (3 is a constant. By substituting this form into Eq. (18)
and assuming that the major contribution to the integral
comes from the vicinity of the upper limit, where the two

0.8

y;
h

0.4 0.6

U , t/T(0)

Fig. 8 Velocity profiles U = uj(y-l}cpT(Q) at three different nondi-
mensional stream wise coordinates and the temperature profile 1/7(0)
at choking for the planar problem with y - 1.4.
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1.2 1.4 1.6 1.8

Fig. 9 Dependence of the nondimensional choking distance Xc and
choking pressure Pc on the ratio of specific heats 7.

factors preceding the square root are nearly unity, it is found
from expansion of the expression inside the square root that,
approximately,

(36)

Introduction of the normalized variables r/ = X/XC and
it]' = S/XC into Eq. (36) produces the expression

which indicates that

(37)

(38)

where B is a constant, independent of all of the parameters of
the problem. The results of the numerical integrations are
correlated with discrepancies on the order of 197o in Pc by
taking B = 8.35, so that, in dimensional form, when V(x) and
T(x) are constant, Eq. (35) becomes

p =
8.35[K(0)]2*(

2^2

2[(7
Vl - ( x / x c ) (39)



2154 BALAKRISHNAN, LINAN, AND WILLIAMS AIAA JOURNAL

where use has been made of Eq. (17). Equation (39) enables
the pressure to be obtained in the vicinity of the choking point
when xc and pc are known.

The results of the numerical integrations for Pc and Xc as
functions of y are plotted in Fig. 9. These results, which have
been discussed in the preceding section, may be used in Eq.
(39) to calculate near-choking behavior.

Conclusions and Future Prospects
In the counterflow produced by injection of fluids through

two parallel porous plates at high Reynolds numbers, a chok-
ing phenomenon occurs at a large lateral extent of the plates.
At this choking point, the average Mach number in the invis-
cid flow reaches a value on the order of unity and compress-
ibility effects are significant. Mach numbers that are large
compared with unity, however, are not achievable in this
problem. The transverse flow is supersonic only in a small
region near the rims of the plates, and only over the central
part of this region, in the vicinity of the plane separating the
two streams. These results may have bearing on previous
linear pyrolysis experiments and on future experiments de-
signed to investigate compressibility effects in counterflow
diffusion flames. It may be noted that a supersonic branch
also exists, as discussed in subsequent work.10

Further studies are needed for investigating possible varia-
tions of this flow configuration, for example, in considering
effects of pressure matching of the two injected streams when
the two fluids and injection conditions differ. The stability of
these laminar flow solutions also needs to be considered,
although counter flows are known to be relatively stable. Pos-
sibilities for nonplanar surfaces separating the two streams
should be addressed, with thought given to possibilities for
relative area variations leading to transition through choking
into high supersonic Mach numbers. In addition, analysis of
the structure of the viscous layer separating the two streams is
required. The results obtained here provide the boundary con-
ditions needed for this analysis when the pressure matching is
consistent with the existence of the planar separation inter-
face. Analyses of diffusion-flame structure and extinction in
this boundary layer could help to determine whether the coun-

terflow diffusion flames are more robust near the center or in
the wings of the mixing layer.
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